Essential Spectrum of the Weighted Laplacian on Noncompact Manifolds and
  Applications by Rocha, Adina
ESSENTIAL SPECTRUM OF THE WEIGHTED LAPLACIAN ON
NONCOMPACT MANIFOLDS AND APPLICATIONS
ADINA ROCHA
Abstract. We obtain upper estimates for the bottom (that is, greatest lower bound) of the
essential spectrum of weighted Laplacian operator of a noncompact weighted manifold under
assumptions of the volume growth of their geodesic balls and spheres. Furthermore, we find ex-
amples where the equality occurs in the estimates obtained. As a consequence, we give estimates
for the weighted mean curvature of complete noncompact hypersurfaces into weighted manifolds.
Keywords: Essential Spectrum; Weighted Laplacian; Volume growth; Estimate; Mean Cur-
vature; Index.
1. Introduction
The L2 spectrum of the Laplacian operator, denoted by σ(−∆), has been analyzed and
computed for large classes of complete noncompact manifolds. For example, when that manifold
has a soul whose exponential map is a diffeomorphism, supposing nonnegative sectional curvature
and some other additional conditions under dimension of manifold, Escobar [18] and Escobar
and Freire [19] proved that
σ(−∆) = σess(−∆) = [0,+∞),
where σess(−∆) denotes the essential spectrum of Laplacian operator. The additional conditions
under dimension of M assumed by them were proved to be unnecessary by Zhou [31]. Now, by
assuming that the complete noncompact manifold has nonnegative Ricci curvature and Euclidean
volume growth, the essential spectrum of the Laplacian operator was proved to be [0,+∞) by
Donnelly [15]. It is classical that the essential spectrum of Laplacian operator on compact
manifold is empty, and thus, its L2 spectrum is discrete.
Given that the L2 spectrum of Laplacian operator for a large class of noncompact manifolds
is essential, it becomes important to estimate the bottom (that is, the greatest lower bound) of
essential spectrum of −∆ denoted by inf σess(−∆). There exists many interesting results on the
estimates for inf σess(−∆), for instance, [10], [27], [28], [16], [7], [8], [22], and [24].
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2 ADINA ROCHA
The problem of estimating the inf σess(−∆) of complete noncompact manifold M under simple
geometric assumptions has been intensively studied in the past decades. For example, Donnelly
proved in [14] that
inf σess(−∆) ≤ (n− 1)2k/4
when the Ricci curvature is bounded from below by the constant −(n− 1)k, where n = dimM
and k ≥ 0. In [7] and [8], Brooks generalized this Donnelly’s estimate. He showed that if M has
infinite volume, then
inf σess(−∆) ≤ µ¯2v/4,
where µ¯v = lim supr→∞
1
r log V ol(Br); and if M has finite volume,
inf σess(−∆) ≤ µ¯2w/4,
where µ¯w = lim supr→∞
−1
r log(V ol(M)−V ol(Br)). Later, Higuchi [22] improved these Brooks’
estimates.
In many occasions, it is natural to consider a n−dimensional Riemannian manifold (Mn, 〈 , 〉)
endowed with a weighted measure of the form e−fdσ, where f is a smooth function on M , called
weight function, and dσ is the volume element induced by the metric 〈 , 〉. A weighted manifold
is a triple
Mnf = (M
n, 〈 , 〉, e−fdσ).
The weighted Laplacian operator ∆f , defined by
∆fu := ∆u− 〈∇f,∇u〉,
is associated to e−fdσ as well as ∆ is associated to dσ. Moreover, ∆f is a self-adjoint operator
on the L2f space of square integrable functions on M with respect to the measure e
−fdσ, and
therefore, the L2f spectrum of ∆f on M , denoted by σ(−∆f ), is a subset of [0,+∞). Also,
σ(−∆f ) can be decomposed into the disjoint union σd(−∆f ) ∪ σess(−∆f ), where σd(−∆f ) is
the set of isolated eigenvalues of finite multiplicity, called discrete spectrum, and its comple-
ment σess(−∆f ), called essential spectrum, is the set of eigenvalues of infinite multiplicity and
accumulation points of the spectrum.
A natural extension of the Ricci curvature tensor to this new context is the Bakry-E´mery
Ricci curvature tensor, see [2], given by
Ricf = Ric+∇2f,
where ∇2f is the hessian of f on M . It is known that a complete weighted manifold satisfying
Ricf ≥ λ for some constant λ > 0 is not necessarily compact. One of the examples is the
Gaussian shrinking soliton
(
Rn, gcan, e−
|x|2
4 dσ
)
with the canonical metric gcan and Ricf =
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gcan. If Mf is complete noncompact manifold with Ricf ≥ 0 and limr→∞ |f |r = 0, the L2f
essential spectrum of −∆f was proved to be [0,+∞) by Silvares [29]. Moreover, for a compact
weighted manifold with Ricf ≥ λ for constant λ > 0, the L2f spectrum of −∆f is discrete, see
[21].
Let Br be the geodesic ball of M with center in a fixed point o ∈ M and radius r > 0. The
weighted volume of Br is given by
V olf (Br) =
ˆ
Br
e−fdσ
and the weighted volume of M is defined by
V olf (M) =
ˆ
M
e−fdσ.
Manifolds with the Bakry-E´mery Ricci curvature bounded below have been studied by many
authors in recent years, particularly some interesting weighted volume estimates and splitting
theorems, which can be found in [30] and [26], for example. Some results about estimates of
weighted volume can be also seen in [11] and [12].
The aim of this paper is to give estimates for inf σess(−∆f ) for complete noncompact manifolds
in function of the weighted volume growth of their geodesic balls and spheres. Precisely, we have
the following theorem.
Theorem 1.1. Let Mf be a complete noncompact weighted manifold.
(i) If V olf (M) = +∞, then
inf σess(−∆f ) ≤ µ
2
v
4
,
where µv = lim inf
r→∞
1
r
log V olf (Br).
(ii) If V olf (M) < +∞, then
(1.1) inf σess(−∆f ) ≤ µ
2
w
4
,
where µw = lim inf
r→∞
−1
r
log(V olf (M)− V olf (Br)).
Furthermore, if Mf = (Rn, ds2, e−fdσ) with
f =
r
2
and ds2 = dr2 + g2(r)dθ2
such that g : [0,+∞)→ R is a nonnegative smooth function satisfying
(1.2) g(0) = 0, g′(0) = 1, and g(r) = e−
r
2(n−1) for all r ≥ r0 > 0,
then occurs equality in (1.1). Here dθ2 denotes the standard metric on (n− 1)-dimensional unit
sphere Sn−11 and r is the Euclidian distance to origen.
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Remark 1.1. In Theorem 6.2 of [5], Bessa, Pigola, and Setti gave an upper bounds for inf σess(−∆f )
in terms of the volume growth. Indeed, they show that:
(i) If V olf (M) = +∞, then
inf σess(−∆f ) ≤ lim sup
r→∞
1
r
log V olf (Br).
(ii) If V olf (M) < +∞, then
inf σess(−∆f ) ≤ lim sup
r→∞
−1
r
log(V olf (M)− V olf (Br)).
Therefore, Theorem 1.1 gives an improved estimate for inf σess(−∆f ).
Now, by supposing f = C been a constant function, we have
∆f = ∆, V olf = e
−CV ol, and volf = e−Cvol.
Moreover, inf σess(−∆f ) = inf σess(−∆) is the bottom of essential spectrum of the Laplacian
acting on L2(M). Therefore, as a consequence of Theorem 1.1, it follows:
Corollary 1.1. Let M be a noncompact complete manifold.
(i) If V ol(M) = +∞, then
inf σess(−∆) ≤ µ
2
v
4
,
where µv = lim inf
r→∞
1
r
log V ol(Br).
(ii) If V ol(M) < +∞, then
inf σess(−∆) ≤ µ
2
w
4
,
where µw = lim inf
r→∞
−1
r
log(V ol(M)− V ol(Br)).
Remark 1.2. Corollary 1.1 was proved by Higuchi, see Corollary 2 of [22].
Let Ω ⊂ M be a compact domain. The bottom of the spectrum of ∆f on M \ Ω with the
Dirichlet boundary condition on ∂Ω admits the usual variational characterization
λf1(M \ Ω) = inf
u∈C∞c (M\Ω)
ˆ
M\Ω
|∇u|2e−fdσ
ˆ
M\Ω
u2e−fdσ
,
where C∞c (M \Ω) denotes the set of the smooth functions u : M \Ω→ R with compact support
on M \ Ω. Moreover, it can be seen in Theorem 6.1 of [5] that
(1.3) inf σess(−∆f ) = sup
Ω
λf1(M \ Ω),
where Ω runs over the set of compact domains of M .
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Let ∂Br be the geodesic sphere of M with center in a fixed point o ∈ M and radius r > 0.
The weighted volume of ∂Br is given by
volf (∂Br) =
ˆ
∂Br
e−fdA,
where dA is the volume form on ∂Br.
Now, we are ready to enunciate the second result of this paper, namely:
Theorem 1.2. Let Mf be a complete noncompact weighted manifold and let Ω be a compact
subset of M . If there exists a positive constant real α such that∣∣∣∣ ddr (log volf (∂Br))
∣∣∣∣ ≤ α for all r ≥ r0,
then
(1.4) λf1(M \ Ω) ≤
α2
4
.
Consequently,
(1.5) inf σess(−∆f ) ≤ α
2
4
.
Furthermore, if Mf = (Rn, ds2, e−fdσ) with
f =
αr
2
and ds2 = dr2 + g2(r)dθ2
such that g : [0,+∞)→ R is a nonnegative smooth function satisfying
(1.6) g(0) = 0, g′(0) = 1, and g(r) = e−
α
2(n−1) r for all r ≥ r0 > 0,
then occurs equality in (1.4) and (1.5) for any compact Ω ⊃ Br0 . Here dθ2 denotes the standard
metric on (n− 1)-dimensional unit sphere Sn−11 and r is the Euclidian distance to origen.
Remark 1.3. The condition
d
dr
(log volf (∂Br)) ≤ α, r > 0,
implies that
V olf (Br) ≤ Ceαr,
where C = 1/α. But M does not necessarily have V olf (M) = +∞. Look to Mf = (Rn, ds2, e−fdσ)
with f = αr/2 and ds2 = dr2 + g2(r)dθ2 such that g : [0,+∞) → R is a nonnegative smooth
function satisfying (1.6); it has finite weighted volume, i.e.,
V olf (Br) = V olf (Br0) + ωn
ˆ r
r0
e−αtdt = V olf (Br0) +
ωn
α
(−e−αr + e−αr0) ,
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and hence,
V olf (M) = lim
r→∞V olf (Br) = V olf (Br0) +
ωn
αeαr0
.
This can be viewed in expression (2.12) of Example 2.1.
Remark 1.4. There is a class of complete Riemannian manifolds that satisfies the conditions
of Theorem 1.2 (see Example 2.1).
Now, by supposing f been a constant function, it follows directly from Theorem 1.2 that
Corollary 1.2. Let M be a noncompact complete manifold and let Ω be a compact subset of M .
If ∣∣∣∣ ddr (log vol(∂Br))
∣∣∣∣ ≤ α for r ≥ r0,
then
(1.7) λ1(M \ Ω) ≤ α
2
4
.
Consequently,
(1.8) inf σess(−∆) ≤ α
2
4
.
Furthermore, if M = (Rn, ds2) with ds2 = dr2 + g2(r)dθ2 such that g : [0,+∞) → R is a
nonnegative smooth function satisfying
g(0) = 0, g′(0) = 1, and g(r) = e−
α
(n−1) r for all r ≥ r0 > 0,
then occurs equality in (1.7) and (1.8) for any compact Ω ⊃ Br0 . Here dθ2 denotes the standard
metric on (n− 1)-dimensional unit sphere Sn−11 and r is the Euclidian distance to origen.
Before beginning to enunciate some applications, we need to introduce some definitions that
will be necessary to understand the results.
Let M
n+1
f be a weighted manifold, i.e.,
M
n
f = (M
n
, 〈 , 〉, e−fdµ).
Let x : Mn → Mn+1f be an isometric immersion of a Riemannian orientable manifold Mn into
weighted manifold M
n+1
f . The function f : M → R restricted to M induces a weighted
measure e−fdσ on M . Thus, we have an induced weighted manifold Mnf = (M, 〈 , 〉, e−fdσ).
The second fundamental form A of x is defined by
A(X,Y ) = (∇XY )⊥, X, Y ∈ TpM, p ∈M,
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where ⊥ symbolizes the projection above the normal bundle of M . The weighted mean curvature
vector of M is defined by
Hf = H+ (∇f)⊥,
with H = trA. The hypersurface M is called f -minimal when its weighted mean curvature
vector Hf vanishes identically; and when there exists real constant C such that Hf = −Cη
with η being unit normal vector field, we say the hypersurface M has constant weighted mean
curvature.
The operator
Lf = ∆f + |A|2 +Ricf (η, η)
is called the f -stability operator of the immersion x and it is associated with the quadratic form
If (u, u) = −
ˆ
M
uLfue
−fdσ.
For each compact domain Ω ⊂M , define the index, indfΩ, of Lf in Ω as the maximal dimension
of a subspace of C∞c (Ω) where If is a negative definite. The index, indfM , of Lf in M (or simply,
the index of M) is then defined by
indfM = sup
Ω⊂M
indfΩ,
where the supreme is taken over all compact domains Ω ⊂M. For more details, see [13].
The following results are applications of the estimates of bottom essential spectrum of weighted
Laplacian operator given in Theorem 1.1 and Theorem 1.2.
Theorem 1.3. Let x : Mn → Mn+1f be an isometric immersion of a complete noncompact
manifold Mn into an oriented complete weighted manifold M
n+1
f with unit normal vector field
η. Let
µv = lim inf
r→∞
1
r
log V olf (Br) and µw = lim inf
r→∞
−1
r
log(V olf (M)− V olf (Br)).
If M has constant weighted mean curvature Hf and indfM <∞, then
(1.9)
H2f
nm
≥ −µ
2
4
+ inf
M\Br
{
Ricf (η, η) +
〈∇f, η〉2
n(1 +m)
}
and
H2f
n(1 +m)
≤ µ
2
4
− inf
M\Br
{
Ric
nm
f (η, η)
}
for any constant m > 0, where µ = µv if V olf (M) = +∞ and µ = µw if V olf (M) < +∞.
Particularly, if
Ric
nm
f (η, η) ≥
µ2
4
for some constant positive m, then M is a f -minimal hypersurface.
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Here
Ricf
nm
= Ricf − df ⊗ df
nm
, m > 0,
denotes a generalization of the Bakry-E´mery Ricci curvature.
As a consequence of the inequality (1.9) of Theorem 1.3, it follows
Corollary 1.3. Let M
n+1
f be an oriented complete weighted manifold with Ricf ≥ k > 0,
where k is a fixed constant. Then, there is no complete noncompact f -minimal hypersurface Mn
immersed into M
n+1
f with indfM < +∞ and satisfying either µv < 2
√
k if V olf (M) = +∞
or µw < 2
√
k if V olf (M) < +∞.
It is said that the weighted volume of M has polynomial growth if there exists positive numbers
α, C, and R0 such that
V olf (Br) ≤ Crα
for any r ≥ R0. Thus,
0 ≤ µv = lim inf
r→∞
1
r
log V olf (Br) ≤ lim inf
r→∞
1
r
log(Crα) = 0,
i.e., µv = 0. Therefore, it follows from Theorem 1.3 the following consequence:
Corollary 1.4. Let x : Mn → Mn+1f be an isometric immersion of a complete noncompact
manifold Mn into an oriented complete weighted manifold M
n+1
f with unit normal vector field
η. Assume that the weighted volume of M is infinite and it has polynomial growth. If M has
constant weighted mean curvature Hf and indfM <∞, then there exists a constant r0 > 0 such
that for all r ≥ r0,
(1.10)
H2f
nm
≥ inf
M\Br
{
Ricf (η, η) +
〈∇f, η〉2
n(1 +m)
}
and
H2f
n(1 +m)
≤ − inf
M\Br
{
Ric
nm
f (η, η)
}
,
where m is a positive constant. In particular, if
Ric
nm
f (η, η) ≥ 0
for some real m > 0, then M is a f -minimal hypersurface.
Observe also that if we assume V olf (Br) ≤ Ceαr, then
µv = lim inf
r→∞
1
r
log V olf (Br) ≤ lim inf
r→∞
1
r
log(Ceαr) = α.
Therefore, as a consequence of Theorem 1.3, we obtain the following:
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Corollary 1.5. Let x : Mn → Mn+1f be an isometric immersion of a complete noncompact
manifold Mn into an oriented complete weighted manifold M
n+1
f with unit normal vector field
η. Assume that the weighted volume of M is infinite and it satisfies V olf (Br) ≤ Ceαr for some
constant C, α, and r ≥ 0. If M has constant weighted mean curvature Hf and indfM < ∞,
then there exists a constant r0 > 0 such that for all r ≥ r0,
(1.11)
H2f
nm
≥ −α
2
4
+ inf
M\Br
{
Ricf (η, η) +
〈∇f, η〉2
n(1 +m)
}
and
H2f
n(1 +m)
≤ α
2
4
− inf
M\Br
{
Ric
nm
f (η, η)
}
,
where m is a positive constant. Particularly, if
Ric
nm
f (η, η) ≥
α2
4
for some real m > 0, then M is a f -minimal hypersurface.
Remark 1.5. When f is a constant function, Corollary 1.4 was obtained by Alencar and do
Carmo, see Theorem 1.1 of [1], and improved by do Carmo and Zhou, see Theorem 4.1 of [9].
Already, Corollary 1.5 was proved by do Carmo and Zhou, see Theorem 4.4 of [9].
By using the inequality (1.10) of the Corollary 1.4 and the inequality (1.11) of the Corollary
1.5, we can acquire the next two results:
Corollary 1.6. Let M
n+1
f be an oriented complete weighted manifold with Ricf ≥ k > 0,
where k is a fixed constant. Then, there is no complete noncompact f -minimal hypersurface Mn
immersed into M
n+1
f with V olf (M) = +∞, indfM < +∞, and polynomial growth weighted
volume.
Corollary 1.7. Let M
n+1
f be an oriented complete weighted manifold with Ricf ≥ k > 0,
where k is a fixed constant. Then there is no complete noncompact f -minimal hypersurface Mn
immersed into M
n+1
f with indfM < +∞, V olf (M) = +∞, and V olf (Br) ≤ Ceαr for any r ≥ 0
and α < 2
√
k.
Now, using the estimate of λ1(M \ Ω) viewed in Theorem 1.2, we obtain the application:
Theorem 1.4. Let x : Mn → Mn+1f be an isometric immersion of a complete noncompact
manifold Mn into an oriented complete weighted manifold M
n+1
f with unit normal vector field
η. Assume that ∣∣∣∣ ddr (log volf (∂Br))
∣∣∣∣ ≤ α for all r ≥ t0 > 0.
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If M has constant weighted mean curvature Hf and indfM < ∞, then there exists a constant
r0 > 0 such that for all r ≥ r0,
(1.12)
H2f
nm
≥ −α
2
4
+ inf
M\Br
{
Ricf (η, η) +
〈∇f, η〉2
n(1 +m)
}
and
H2f
n(1 +m)
≤ α
2
4
− inf
M\Br
{
Ric
nm
f (η, η)
}
.
Particularly, if
Ric
nm
f (η, η) ≥
α2
4
for some real m > 0, then M is a f -minimal hypersurface.
As a consequence of the inequality (1.12) of Theorem 1.4, it follows
Corollary 1.8. Let M
n+1
f be an oriented complete weighted manifold with Ricf ≥ k > 0,
where k is a fixed constant. Then, there is no complete noncompact f -minimal hypersurface Mn
immersed into M
n+1
f with indfM < +∞ and∣∣∣∣ ddr (log volf (∂Br))
∣∣∣∣ ≤ α < 2√k
for all r ≥ t0 > 0.
2. Estimates for the Bottom of Essential Spectrum
Let Mf = (M
n, 〈 , 〉, e−fdσ) be a weighted manifold and let K ⊂M be a compact set. For a
positive number δ > 0, define the set
Aδ(∂K) = {x ∈M \K; ρ(x, ∂K) ≤ δ}
with ρ(x, ∂K) denoting the distance between x and ∂K. Moreover, consider the amount
(2.1) µδ(r) =
1
r
log V olf (Aδ(∂Br)),
where ∂Br is the geodesic sphere of radius r > 0 and center in a fixed point o ∈M .
Established the above notations, we get the following:
Lemma 2.1. Let Mf be a complete noncompact weighted manifold. For any fixed δ > 0, we set
(2.2) µδ = lim inf
r→∞ µδ(r) and µ¯δ = lim supr→∞
µδ(r),
with µδ(r) defined in (2.1).
(i) If V olf (M) = +∞, then inf σess(−∆f ) ≤ µ2δ/4. Besides that,
inf σess(−∆f ) = 0 if µδ < 0.
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(ii) If V olf (M) < +∞, then inf σess(−∆f ) ≤ µ¯2δ/4.
Proof. For arbitrary compact domain Ω ⊂M , let λf1(M \ Ω) be the bottom of the spectrum of
∆f on M \ Ω. It is well known that
λf1(M \ Ω) = inf
u∈C∞c (M\Ω)
ˆ
M
|∇u|2e−fdσ
ˆ
M
u2e−fdσ
and, see [5],
inf σess(−∆f ) = sup
Ω⊂M
λf1(M \ Ω).
Therefore it suffices to prove the following: for any fixed δ > 0 and compact domain Ω ⊂ M ,
and for arbitrary sufficiently small ε, ε1 > 0, there exists a function u with compact support in
M \ Ω such that
ˆ
M
|∇u|2e−fdσ
ˆ
M
u2e−fdσ
< α2(ε) + ε1,
where α2(ε)→ µ2δ/4 as ε→ 0.
Let’s establish a test function u(x) = ehj(x) · χr(x) with compact support in M \ Ω. To this,
let o ∈M be a fixed point and let ρ(x) = ρ(x, o) denote the distance from o to x ∈M . We define
χr, see Figure 1, and hj , see Figure 2, as follows: for r sufficiently large such that Ω ⊂ Br−δ,
χr(x) =

0, if x ∈ Ω or ρ(x) > r + δ,
ρ(x,Ω)/δ, if 0 < ρ(x,Ω) ≤ δ,
1− ρ(x,Br)/δ, if r < ρ(x) ≤ r + δ,
1, otherwise,
and for a fixed number α ≥ 0, and for a positive integer j,
hj(x) =
{
αρ(x), if ρ(x) ≤ j,
2αj − αρ(x), if ρ(x) > j.
For u = ehjχr, we have that
∇u = ehj∇hj · χr + ehj∇χr
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Figure 1. The function χr with compact support in M \ Ω
Figure 2. The function hj
and
ˆ
M\Ω
|∇u|2e−fdσ =
ˆ
M\Ω
e2hj (|∇hj · χr +∇χr|2)e−fdσ
=
ˆ
M\Ω
u2|∇hj |2e−fdσ +
ˆ
M\Ω
e2hj (2χr · 〈∇hj ,∇χr〉+ |∇χr|2)e−fdσ.
≤
ˆ
M\Ω
u2|∇hj |2e−fdσ +
ˆ
M\Ω
e2hj (2χr |∇hj | |∇χr|+ |∇χr|2)e−fdσ.
Note that ∇χr is supported in Aδ(∂Br) ∪ Aδ(∂Ω) and |∇χr| ≤ 1/δ. In addition, |∇hj | ≤ α.
Therefore,
ˆ
M\Ω
|∇u|2e−fdσ ≤ α2
ˆ
M\Ω
u2e−fdσ(2.3)
+(2α/δ + 1/δ2)
(ˆ
Aδ(∂Ω)
e2hje−fdσ +
ˆ
Aδ(∂Br)
e2hje−fdσ
)
.
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For j and r sufficiently large such that r > j and hj(x) = αρ(x) for all x ∈ Aδ(∂Ω), there exists
a real constant C independent of r and j such that
(2.4) (2α/δ + 1/δ2)
ˆ
Aδ(∂Ω)
e2hje−fdσ ≤ C.
(i) Assume that V olf (M) = +∞. Then
(2.5)
ˆ
M\Ω
u2e−fdσ =
ˆ
M\Ω
e2hjχ2re
−fdσ →∞ as r, j →∞.
If µδ ≥ 0, it follows from the definition of µδ that, for any ε > 0, there exists a sequence {rn}
with rn > 2j(2 + µδ/ε) for every n such that
µδ(rn) =
1
rn
log V olf (Aδ(∂Brn)) ≤ µδ + ε.
By choosing α = α(ε) = (µδ + 2ε)/2, we obtain
hj(x) = (2j − ρ(x))α ≤ (2j − rn)(µδ + 2ε)/2
for all x ∈ Aδ(∂Brn), andˆ
Aδ(∂Brn )
e2hje−fdσ ≤ e(2j−rn)(µδ+2ε)e(µδ+ε)rn
= e2j(µδ+2ε)−rnε(2.6)
≤ 1.
Therefore, by (2.3), (2.4), (2.5) and (2.6), we can select n and j such that un = e
hjχrn andˆ
M
|∇un|2e−fdσˆ
M
u2ne
−fdσ
≤ α2(ε) + ε1
for any ε1 > 0, where α = (µδ + 2ε)/2. Now, if µδ < 0, then, for any ε > 0 satisfying µδ+ε < 0,
there exists a sequence {rn} such that µδ(rn) ≤ µδ + ε. Setting α = 0 and ehj = 1, we haveˆ
Aδ(∂Brn )
e2hje−fdσ = V olf (Aδ(∂Brn)) ≤ e(µδ+ε)rn < 1.
Hence, for any ε1, we can select n such thatˆ
M
|∇un|e−fdσˆ
M
u2ne
−fdσ
≤ ε1,
where un = 1χrn .
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(ii) Now, assume V olf (M) < +∞. In this case, −∞ ≤ µ¯δ ≤ 0; we can assume −∞ < µ¯δ ≤ 0.
It follows from the definition of µ¯δ that, for any sufficiently small ε > 0, there exists a sequence
{rn} such that
rn > 2j(2ε− µ¯δ)/(ε− 2µ¯δ)
and
µ¯δ − ε ≤ µδ(rn) = 1
rn
log V olf (Aδ(∂Brn)) ≤ µ¯δ + ε.
Here, we can assume that this sequence {rn} satisfies rn+1 − rn ≥ δ. Choosing α = α(ε) =
−(µ¯δ − 2ε)/2 and g(x) = eαρ(x), we obtainˆ
Br
g2e−fdσ ≥
∑
A(r)
ˆ
Brn+δ\Brn
g2e−fdσ ≥
∑
A(r)
e2αrn · V olf (Aδ(∂Brn))
≥
∑
A(r)
e2αrne(µ¯δ−ε)rn =
∑
A(r)
eεrn →∞ as r →∞,
where A(r) = {n; rn + δ ≤ r}; resultingˆ
M\Ω
u2e−fdσ =
ˆ
M\Ω
e2hjχ2re
−fdσ
≥
ˆ
Bj
g2e−fdσ −
ˆ
Ω
g2e−fdσ →∞ as r, j →∞
and ˆ
Aδ(∂Brn )
e2hje−fdσ ≤ e(2j−rn)(2ε−µ¯δ)e(µ¯δ+ε)rn ≤ 1.
In the same way as in the case of infinite weighted volume, selecting sufficiently large n and j,
we obtain the desired estimate.  
Observe that µδ1 ≤ µδ2 and µ¯δ1 ≤ µ¯δ2 if δ1 < δ2. Thus, there exists the limits
µ0 = lim
δ→0
µδ and µ¯0 = lim
δ→0
µ¯δ,
with µδ defined in (2.2).
Lemma 2.2. Let Mf be a complete noncompact weighted manifold. Then
inf σess(−∆f ) ≤ µ2/4,
where µ = max{µ0, 0} if V olf (M) = +∞ and µ = µ¯0 if V olf (M) < +∞.
Proof. It follows direct from Lemma 2.1 that inf σess(−∆f ) ≤ µ20/4 if Mf has infinite weighted
volume and inf σess(−∆f ) ≤ µ¯20/4 if Mf has finite weighted volume. Now, if V olf (M) = +∞
and µ0 = limδ→0 µδ < 0, then there exists δ > 0 such that µδ < 0. Using Lemma 2.1 (i), we
obtain inf σess(−∆f ) = 0. This concludes the proof of this lemma.  
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We are going to use Lemma 2.1 and Lemma 2.2 to prove Theorem 1.1 that was enunciate in
Introduction.
Proof. of Theorem 1.1 (i) Assume V olf (M) = +∞. Recall that
µδ = lim inf
r→∞
1
r
log V olf (Aδ(∂Br)) and µv = lim inf
r→∞
1
r
log V olf (Br).
Since µδ1 ≤ µδ2 whenever δ1 < δ2, then µ0 = limδ→0 µδ(r) satisfies µ0 ≤ µδ. For arbitrary fixed
δ > 0, we can select r sufficiently large such that
V olf (Aδ(∂Br)) ≤ V olf (Br).
Thus, µδ ≤ µv and µ0 ≤ µδ ≤ µv for all δ > 0. If µ0 ≥ 0, then it follows from Lemma 2.2 that
inf σess(−∆f ) ≤ µ
2
0
4
≤ µ
2
v
4
.
Moreover, inf σess(−∆f ) = 0 if µ0 < 0.
(ii) Assume that V olf (M) < +∞. Recall that
µ¯δ = lim sup
r→∞
1
r
log V olf (Aδ(∂Br))
and
µw = lim inf
r→∞
−1
r
log(V olf (M)− V olf (Br)).
Since µ¯δ1 ≤ µ¯δ2 if δ1 < δ2, then µ¯0 = limδ→0 µ¯δ, satisfies
(2.7) µ¯0 ≤ µ¯δ ≤ lim
r→∞ sup
1
r
log(V olf (M)− V olf (Br)) = −µw ≤ 0.
The second inequality of the above expression follows from the inequality
V olf (Aδ(∂Br)) ≤ V olf (M)− V olf (Br).
Let µ¯δ < 0. For any ε > 0 satisfying µ¯δ + ε < 0, there exists r0 such that
1
r
log V olf (Aδ(∂Br)) < µ¯δ + ε
for any r ≥ r0. Then we get, for any r ≥ r0,
V olf (M)− V olf (Br) =
∞∑
k=0
V olf (Aδ(∂Br+kδ)) ≤
∞∑
k=0
e(µ¯δ+ε)(r+kδ).
Thus, we have
1
r
log(V olf (M)− V olf (Br)) ≤ µ¯δ + ε− 1
r
log(1− e(µ¯δ+ε)δ),
resulting in −µw ≤ µ¯δ + ε. Since we can select arbitrary small ε > 0, then −µw ≤ µ¯δ. Therefore,
by (2.7), −µw = µ¯δ = µ¯0. Besides on, µ¯δ = −µw = 0 if µ¯δ = 0. Therefore, |µ¯0| = µw. This
concludes the part (ii).
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Let Mf = (Rn, ds2, e−fdσ) with
f =
r
2
and ds2 = dr2 + g2(r)dθ2
such that g : [0,+∞)→ R is a nonnegative smooth function satisfying
g(0) = 0, g′(0) = 1, and g(r) = e−
r
2(n−1) for all r ≥ r0 > 0.
Note that
∆fu = ∆
(
e
1
2
r
)
− 1
2
〈
∇r,∇
(
e
1
2
r
)〉
=
1
2
e
1
2
r∆r +
1
4
e
1
2
r|∇r|2 − 1
4
e
1
2
r|∇r|2
=
1
2
e
1
2
r∆r,
where
∆r = (n− 1)
d
dr
(
e
− r
2(n−1)
)
e
− r
2(n−1)
= −1
2
for all r ≥ r0 > 0. Therefore, u is a positive solution of
∆fu+
1
4
u = 0
for all r ≥ r0 > 0. Since, see Corollary 6.4 of [5],
λf1(M \Br) ≥ inf
M\Br
{
−∆fu
u
}
,
for any positive function, then
(2.8) λf1(M \Br) ≥
1
4
,
for all r ≥ r0 > 0. Using Remark 1.3, we have that
µw = lim inf
r→∞
−1
r
log(V olf (M)− V olf (Br))
= lim inf
r→∞
−1
r
log
(
ωne
−r)
= 1.
Thus, it follows from (2.8) and (1.3), and the first part of Theorem 1.1 that
1
4
≤ λf1(M \Br) ≤ inf σess(−∆f ) ≤
1
4
=
µ2w
4
.
This concludes the proof of Theorem 1.1.  
We are interested in estimating λf1(M \ Ω), where Ω is an arbitrary compact subset of M .
For this, we will look at the oscillatory behaviour of solutions of one second order ordinary
differential equation. We will need the following result obtained by Fite (see [20], Theorem I):
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Theorem 2.1 ([20]). Assume that q and λ are continuous functions of t ∈ [t0,+∞) such that
|q(t)| ≤ α and λ(t) ≥ h > 0 for every t ≥ t0, where α and h are constants such that 4h−α2 > 0,
then every solution of differential equation
(2.9) y′′ + qy′ + λy = 0
changes sign an infinite number of times, i.e., every solution of (2.9) is oscillatory.
Remark 2.1. The oscillation criteria in the integral form was firstly used by do Carmo and Zhou
[9] to obtain estimates of λ1(M\Ω) of the Laplacian operator supposing polynomial or exponential
growth of volume without weight. Other authors have also used this criterion to estimating the
first eigenvalue of other elliptical operators assuming volume conditions, for example, see [6],
[17], and [23]. In this last reference, Impera and Rimoldi have given an upper estimates of
λf1(M \ Ω) of the weighted Laplacian operator supposing polynomial or exponential growth of
weighted volume and infinite weighted volume.
Now, we can use the previously oscillation result to prove Theorem 1.2.
Proof. of Theorem 1.2 Let v(t) = volf (∂Bt) denote the weighted area of geodesic sphere ∂Bt
with center in o ∈M and radius t > 0. Then, by coarea formula, we have
V olf (Br) =
ˆ
Br
e−fdσ =
ˆ r
0
ˆ
∂Bt
e−fdAdt =
ˆ r
0
v(t)dt.
Choose t0 ≥ r0 such that Ω ⊂ Bt0 . Put q(r) :=
v′(r)
v(r)
, r ≥ t0. Since by hypothesis
|q(r)| =
∣∣∣∣ ddr (log v(r))
∣∣∣∣ ≤ α
for all r ≥ t0, we obtain that the differential equation
(2.10) y′′(r) +
v′(r)
v(r)
y′(r) + λy(r) = 0, r ≥ t0,
satisfies the condition of Theorem 2.1. Therefore, for any λ > 0 such that
4λ− α2 > 0,
the differential equation (2.10) is oscillatory, i.e., every solution y(r), r ∈ [t0,+∞), of (2.10)
changes sign an infinite number of times. Fixed the initial values y(t0) = y0 and y
′(t0) = y′0, we
have that any solution of (2.10) can be extended to [t0,+∞). Let y : [t0,+∞)→ R a non-trivial
oscillatory solution of (2.10) with v(r) = volf (∂Br). Thus, there exists two numbers r1 and r2
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in [t0,+∞) such that r1 < r2 and y(r1) = y(r2) = 0, and y(t) 6= 0 for any t ∈ (r1, r2). Write
r(x) = dist(x, o), ϕ(x) = y(r(x)) and Ωλ = Br2 \Br1 . It follows by coarea formula that
0 ≤ λf1(M \ Ω) ≤ λf1(Ωλ) ≤
ˆ
Ωλ
|∇ϕ|2e−fdσ
ˆ
Ωλ
|ϕ|2e−fdσ
=
ˆ r2
r1
(y′(t))2v(t) dt
ˆ r2
r1
(y(t))2v(t) dt
.
However, by equation (2.10),
(yvy′)′ = (y′)2v + yv′y′ + yvy′′ = (y′)2v +
(
y′′ +
v′
v
y′
)
yv = (y′)2v − λy2v,
resulting
0 ≤ λf1(M \ Ω) ≤
ˆ r2
r1
λ(y(t))2v(t) dt
ˆ r2
r1
(y(t))2v(t) dt
= λ.
Since λ is an arbitrary positive constant larger than
α2
4
, then
λf1(M \ Ω) ≤
α2
4
,
by implying, see (1.3), that
inf σess(−∆f ) ≤ α
2
4
.
Now, let Mf = (Rn, ds2, e−fdσ) with
f =
αr
2
and ds2 = dr2 + g2(r)dθ2
such that g : [0,+∞)→ R is a nonnegative smooth function satisfying
g(0) = 0, g′(0) = 1, and g(r) = e−
α
2(n−1) r for all r ≥ r0 > 0.
Now, we consider the function u = e
α
2
r. Note that
∆fu = ∆
(
e
α
2
r
)
− α
2
〈
∇r,∇
(
e
α
2
r
)〉
=
α
2
e
α
2
r∆r +
α2
4
e
α
2
r|∇r|2 − α
2
4
e
α
2
r|∇r|2
=
α
2
e
α
2
r∆r,
where
∆r = (n− 1)
d
dr
(
e
− α
2(n−1) r
)
e
− α
2(n−1) r
= −α
2
for all r ≥ r0 > 0. Therefore, u is a positive solution of
∆fu+
α2
4
u = 0
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for all r ≥ r0 > 0. Since, see Corollary 6.4 of [5],
λf1(M \Br) ≥ inf
M\Br
{
−∆fu
u
}
,
for any positive function, then
λf1(M \Br) ≥
α2
4
.
Therefore,
(2.11) λf1(M \ Ω) ≥ λf1(M \Br0) ≥
α2
4
for any compact Ω ⊃ Br0 . Using Remark 1.3, we have that∣∣∣∣ ddr (log volf (∂Br))
∣∣∣∣ = | − α| = α for all r ≥ r0 > 0.
Thus, it follows from Theorem 1.2 that
λ1(M \ Ω) ≤ α
2
4
.
Using inequalities (2.11) along with the above inequality and equality (1.3), we conclude that
λ1(M \ Ω) = inf σess(−∆f ) = α
2
4
for any compact Ω ⊃ Br0 .  
Example 2.1. There is a class of complete Riemannian manifolds that satisfies the conditions
of Theorem 1.2. In fact, let Mnf = (Rn, ds2, e−fdσ) with weight f = f(r) and a smooth metric
ds2 = dr2 + g2(r)dθ2, where dθ2 denotes the standard metric on (n− 1)-dimensional unit sphere
Sn−11 and g : [0,+∞)→ R is a nonnegative smooth function satisfying g(0) = 0, g′(0) = 1, and∣∣∣∣(n− 1)g′(r)g(r) − f ′(r)
∣∣∣∣ ≤ α, α > 0
for all r ≥ r0 > 0. Thus,
(2.12) V olf (Br) =
ˆ r
0
ˆ
Sn−11
(g(t))n−1e−f(t)dθdt.
and
volf (∂Br) = ωn(g(r))
n−1e−f(r),
where ωn is (n− 1)-dimensional volume of Sn−11 . Therefore,
d
dr
log(volf (∂Br)) =
d
dr
log
(
ωn(g(r))
n−1e−f(r)
)
= (n− 1)g
′(r)
g(r)
− f ′(r)(2.13)
for all r ≥ r0.
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3. Estimates for the Weighted Mean Curvature
Let M
n+1
f be a weighted manifold, i.e.,
M
n
f = (M
n
, 〈 , 〉, e−fdµ).
Let x : Mn → Mn+1f be an isometric immersion of a Riemannian orientable manifold Mn into
weighted manifold M
n+1
f . The function f : M → R restricted to M induces a weighted measure
e−fdσ on M . Thus, we have an induced weighted manifold Mnf = (M, 〈 , 〉, e−fdσ).
The second fundamental form A of x is defined by
A(X,Y ) = (∇XY )⊥, X, Y ∈ TpM, p ∈M,
where ⊥ denotes the projection above the normal bundle of M .
The weighted mean curvature vector of M is defined by
Hf = H+ (∇f)⊥
with H = trA. The hypersurface M is called f -minimal when its weighted mean curvature vector
Hf vanishes identically; when there exists real constant C such that Hf = −Cη with η being
unit normal vector field, we say the hypersurface M has constant weighted mean curvature.
Let F : (−ε, ε)×M →Mf , Ff (p) = F (t, p) for all t ∈ (−ε, ε) and p ∈M, be a variation of the
immersion x associated with the normal vector field uη, where u ∈ C∞c (M). The corresponding
variation of the functional weighted area Af (t) = V olf (Ft(M)) satisfies
(3.1) A′f (0) =
ˆ
M
Hfue
−fdσ,
where Hf is such that Hf = −Hfη. The expression (3.1) is known as first variation formula.
Remark 3.1. In [25], McGonagle and Ross obtained the first variation formula to hypersurface
Mn ⊂ Rn+1f , i.e, in the case where Mf = Rn+1f (see [25], (2.1), pp. 282). To the general case,
we can proceed in the same way as [25].
The f -minimal hypersurfaces are critical points of the functional weighted area. Yet, the
hypersurfaces with constant weighted mean curvature can be viewed as critical points of the
functional weighted area restricted to variations which preserve the enclose weighted volume,
i.e., to functions u ∈ C∞c (M) which satisfy the additional conditionˆ
M
ue−fdσ = 0.
For such critical points, the second variation of the functional weighted area is given by
A′′f (0) = −
ˆ
M
(
u∆fu+
(|A|2 +Ricf (η, η))u2) dσ,
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where Ricf is the Bakry-E´mery Ricci curvature and A is the second fundamental form.
Remark 3.2. The second variation formula of functional weighted area, A′′f (0), can be viewed in
[25], Lemma 2.3, to isometric immersion of hypersurface Mn into Rn+1f with constant weighted
mean curvature. The case which M
n+1
f is any weighted manifold, it follows from analogue
arguments shown in the proof of Lemma 2.3, [25]. When f is a constant function, the first and
second variation formula were given by Barbosa and do Carmo [3] and Barbosa, do Carmo and
Eschenburg [4].
The operator
Lf = ∆f + |A|2 +Ricf (η, η)
is called the f -stability operator of the immersion x. In the f -minimal case, the f -stability
operator is viewed as acting on F = C∞c (M); in the case of the hypersurfaces with constant
weighted mean curvature, the f -stability operator is viewed as acting on
F = C∞c (M) ∩
{
u ∈ C∞c (M);
ˆ
M
ue−fdσ = 0
}
.
Associated with Lf is the quadratic form
If (u, u) = −
ˆ
M
uLfue
−fdσ.
For each compact domain Ω ⊂M , define the index, IndfΩ, of Lf in Ω as the maximal dimension
of a subspace of F where If is a negative definite. The index, IndfM , of Lf in M (or simply,
the index of M) is then defined by
IndfM = sup
Ω⊂M
IndfΩ,
where the supreme is taken over all compact domains Ω ⊂M. For more details, see [13].
Remark 3.3. In the case of constant weighted mean curvature immersion, if we analyze the in-
dex of Lf on M , with Lf acting on C
∞
c (M) instant of C
∞
c (M)∩
{
u ∈ C∞c (M);
´
M ue
−fdσ = 0
}
,
we denote the stronger index of Lf on M by indfM . However, it is easy to verify that
Indf (M) <∞ is equivalent to indf (M) <∞, so in the statement of Theorem 1.3 and Theorem
1.4 along with their respective corollaries, they are immaterial whether one takes IndfM < ∞
or indfM <∞.
We will demonstrate Theorem 1.3 and Theorem 1.4. To this, it is important to know the
following inequality.
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Lemma 3.1. Let m be a real number such that m < −1 or m > 0. Then
(a+ b)2 ≥ a
2
1 +m
− b
2
m
for all a, b ∈ R.
Proof. Initially, note that (
1
k
a+ kb
)2
≥ 0, where k =
√
1 +m
m
.
Therefore,
0 ≤ 1
k2
a2 + 2ab+ k2b2 =
(
1
k2
− 1
)
a2 + (k2 − 1)b2 + (a+ b)2,
this is
(a+ b)2 ≥
(
1− 1
k2
)
a2 + (1− k2)b2 = a
2
1 +m
− b
2
m
.
 
Proof. of Theorem 1.3 Since indfM <∞ by hypothesis, then using Proposition 5 of [23], there
exists a compact set Ω and a positive function u on M such that
0 = Lfu = ∆fu+ |A|2u+Ricf (η, η)u
on M \Ω. Let o ∈M and let r0 > 0 be such that Ω ⊂ Br0(o). Therefore, it follows from equality
(1.3) and Theorem 1.1,
λf1(M \Br) ≤ inf σess(−∆f ) ≤
µ2
4
,
where µ = µv if V olf (M) = +∞ and µ = µw if V olf (M) < +∞. Now, by using Corollary 6.4
of [5] and the previously inequality, we obtain
µ2
4
≥ λf1(M \Br) ≥ inf
M\Br
(
−∆fu
u
)
≥ inf
M\Br
{
H2
n
+Ricf (η, η)
}
,
because |A|2 ≥ H
2
n
. Let m > 0 and since Hf = H − 〈∇f, η〉 = C, then it follows from Lemma
3.1 that
H2 = ((Hf ) + 〈∇f, η〉)2 ≥
H2f
1 +m
− 〈∇f, η〉
2
m
and
H2 = ((Hf ) + 〈∇f, η〉)2 ≥ 〈∇f, η〉
2
1 +m
− H
2
f
m
;
resulting in
µ2
4
≥ λf1(M \Br) ≥ inf
M\Br
{
H2f
n(1 +m)
− 〈∇f, η〉
2
nm
+Ricf (η, η)
}
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and
µ2
4
≥ λf1(M \Br) ≥ inf
M\Br
{
〈∇f, η〉2
n(1 +m)
− H
2
f
nm
+Ricf (η, η)
}
.
Therefore,
H2f
nm
≥ −µ
2
4
+ inf
M\Br
{
Ricf (η, η) +
〈∇f, η〉2
n(1 +m)
}
and
H2f
n(1 +m)
≤ µ
2
4
− inf
M\Br
{
Ric
nm
f (η, η)
}
.
The second part of this theorem is immediate, just use the previous inequality by doing
Ric
nm
f (η, η) ≥
µ2
4
.
 
Proof. of Theorem 1.4 Since indfM <∞ by hypothesis, then using Proposition 5 of [23], there
exists a compact set Ω and a positive function u on M such that
0 = Lfu = ∆fu+ |A|2u+Ricf (η, η)u
on M \Ω. Let o ∈M and let r0 > 0 be such that Ω ⊂ Br0(o). Therefore, it follows from Theorem
1.2 that
λf1(M \Br) ≤ inf σess(−∆f ) ≤
α2
4
.
Now, by using Corollary 6.4 of [5] and previously inequality, we obtain
α2
4
≥ λf1(M \Br) ≥ inf
M\Br
(
−∆fu
u
)
≥ inf
M\Br
{
H2
n
+Ricf (η, η)
}
,
because |A|2 ≥ H
2
n
. Let m > 0 and since Hf = H − 〈∇f, η〉 = C, then it follows from Lemma
3.1 that
H2 = ((Hf ) + 〈∇f, η〉)2 ≥
H2f
1 +m
− 〈∇f, η〉
2
m
and
H2 = ((Hf ) + 〈∇f, η〉)2 ≥ 〈∇f, η〉
2
1 +m
− H
2
f
m
;
resulting in
α2
4
≥ λf1(M \Br) ≥ inf
M\Br
{
H2f
n(1 +m)
− 〈∇f, η〉
2
nm
+Ricf (η, η)
}
and
α2
4
≥ λf1(M \Br) ≥ inf
M\Br
{
〈∇f, η〉2
n(1 +m)
− H
2
f
nm
+Ricf (η, η)
}
.
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Therefore,
H2f
nm
≥ −α
2
4
+ inf
M\Br
{
Ricf (η, η) +
〈∇f, η〉2
n(1 +m)
}
and
H2f
n(1 +m)
≤ α
2
4
− inf
M\Br
{
Ric
nm
f (η, η)
}
.
The second part of this theorem is immediate, just use the previous inequality by doing
Ric
nm
f (η, η) ≥
α2
4
.
 
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